0 Universita
di Genova

HADAMARD STATES FOR MAXWELL FIELDS
VIA COMPLETE GAUGE FIXING

Gabriel Schmid
Dipartimento di Matematica, Universita di Genova, Via Dodecaneso 35, 16146 Genoa, ltaly

September 22, 2023

Joint work with Simone Murro (Universita di Genova)

Gabriel Schmid (Universita di Genova) 47th LQP Workshop Poznanh September 22, 2023



LINEAR GAUGE THEORIES I: CLASSICAL THEORY

Consider a globally-hyperbolic Lorentzian manifold

M=Rx 3, g=—B2%dt @ dt + hs .
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LINEAR GAUGE THEORIES I: CLASSICAL THEORY

Consider a globally-hyperbolic Lorentzian manifold

M=Rx 3, g=—B%dt @ dt + h; .

Definition (Hack-Schenkel 2012; Gérard-Wrochna 2014)

A linear gauge theory is a quadruple (Vg, V1, P, K) consisting of:
(1) two Hermitian bundles (Vo, (-, )v,) and (V1, (-, -)v, ) over M;
(2) a formally self-adjoint linear differential operator P: I'(V1) — I'(V1);
(3) a linear differential operator K: I'(Vo) — I'(V1) s.t.
(I) P o K = 0,
(if) Dy := P+ KK*: I'(V1) — I’'(V1) is Green hyperbolic,
(iii) Do := K*K: I'(Vo) — I'(Vo) is Green hyperbolic.

— Gauge transformations: I'(V1) 3 s — s + Kw for w € T'(Vo).

< Dy is gauge-fixed operator for canonical gauge condition K*s = 0 (“subsidiary condition").
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(if) Dy := P+ KK*: I'(V1) — I’'(V1) is Green hyperbolic,
(iii) Do := K*K: I'(Vo) — I'(Vo) is Green hyperbolic.

— Gauge transformations: I'(V1) 3 s — s + Kw for w € T'(Vo).
< Dy is gauge-fixed operator for canonical gauge condition K*s = 0 (“subsidiary condition").

— Examples: linearized Yang-Mills and Maxwell, linearized gravity, Rarita-Schwinger.
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LINEAR GAUGE THEORIES I: CLASSICAL THEORY

Consider a globally-hyperbolic Lorentzian manifold

M=Rx 3, g=—B%dt @ dt + h; .

Definition (Hack-Schenkel 2012; Gérard-Wrochna 2014)

A linear gauge theory is a quadruple (Vg, V1, P, K) consisting of:
(1) two Hermitian bundles (Vo, (-, )v,) and (V1, (-, -)v, ) over M;
(2) a formally self-adjoint linear differential operator P: I'(V1) — I'(V1);
(3) a linear differential operator K: I'(Vo) — I'(V1) s.t.
I) P o K = 0,
(if) Dy := P+ KK*: I'(V1) — I’'(V1) is Green hyperbolic,
(iii) Do := K*K: I'(Vo) — I'(Vo) is Green hyperbolic.

— Gauge transformations: I'(V1) 3 s — s + Kw for w € T'(Vo).
< Dy is gauge-fixed operator for canonical gauge condition K*s = 0 (“subsidiary condition").

— Examples: linearized Yang-Mills and Maxwell, linearized gravity, Rarita-Schwinger.

Ordinary Field Theories (K = 0) Gauge Theories (K # 0)
— P hyperbolic P non-hyperbolic
fibre metric usually positive-definite | fibre metric usually not positive-definite
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LINEAR GAUGE THEORIES II: QUANTUM THEORY

Let (Vo, V1, P,K) be a linear gauge theory on (M, g) and G be the causal propagator of D;.

ker(K*|r,) [Gi1]  ker(P|r,.)
Vp =

ran(P|r,) o ran(K|r,,)
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LINEAR GAUGE THEORIES II: QUANTUM THEORY

Let (Vo, V1, P,K) be a linear gauge theory on (M, g) and G be the causal propagator of D;.

ker(K*|r,) [Gi1]  ker(P|r,.)
Vp =
ran(P|r,) o ran(K|r,,)
Algebraic Quantization:
e Step 1: Classical phase space (Vp,o([],[]) :=i(-, G1-)v, ) with ( fM )y, volg.
(Vp, 0') — CCR(VP, 0')
CCR(Vp, o) ... unital *-algebra constructed as follows:
generators: 1, d(v), D*(v) Yv € Vp

[®(v), ®(w)] = [®"(v), 2™ (w)] = 0

CCR relations: [®(v), ®* (w)] = o(v, w)1
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LINEAR GAUGE THEORIES II: QUANTUM THEORY

Let (Vo, V1, P,K) be a linear gauge theory on (M, g) and G be the causal propagator of D;.

ker(K*|r,) [Gi1]  ker(P|r,.)
ran(P|r,) o ran(K|r,,)

Vp =

Algebraic Quantization:

e Step 1: Classical phase space (Vp,o([],[]) :=i(-, G1-)v, ) with ( fM )y, volg.
(Vp, 0') — CCR(VP, 0')
CCR(Vp, o) ... unital *-algebra constructed as follows:

generators: 1, d(v), D*(v) Yv € Vp

[®(v), ®(w)] = [®"(v), 2™ (w)] = 0

CCR relations: [®(v), ®*(w)] = o(v, w)1

e Step 2: Construct (quasi-free) Hadamard State w: CCR(Vp, o) — C:
covariances: A1 (v,w) := w(®(v)®*(w)), A (v,w) :=w(®*(w)P(v))
Hadamard condition: WF'(AT) c N x N where A ([s],[t]) =: (s,)\it)\/1

(N =NTUN ... light cone in T*M)
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KNOWN RESULTS

Under some additional assumption on (M, g), Hadamard states for linear gauge theories have been
constructed with various different approaches:

Maxwell Theory:

e Furlani (1995) (M, g) static and ¥ compact
e Fewster-Pfenning (2003) 3. compact and simply-connected
e Dappiaggi-Siemssen (2011) asymptotically flat spacetimes
e Finster-Strohmaier (2013) > with “absence of zero resonances” condition for Ay

Linearized Yang-Mills Theory:

e Hollands (2008) 3. compact and simply-connected
e Gérard-Wrochna (2014) ¥ compact or R3

Linearized Gravity:

e Fewster-Hunt (2012), Hunt (2012) Fock vacuum in Minkowski is Hadamard
e Brunetti-Fredenhagen-Rejzner (2013) (M, g) ultrastatic and ¥ compact
e Benini-Dappiaggi-Murro (2014) asymptotically flat spacetimes; “radiative” observables
e Gérard-Murro-Wrochna (2022) partial results
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CONSTRUCTION OF HADAMARD STATES

pi: ker(Di|r,.) = Tc(Vp,;) ... Cauchy data maps of D; for suitable bundles V,, over X.

G ker(K{
[p1G1] (VE — ( z;|1“c)7
= I‘an(Kzlrc)

(Ve,0) o[ [ =i G1z v, )

where: o Ky := p1Klp and KTE adjoint w.r.t. oy with U; := pfl.
o G;x:T(Vp,) = I'(Vy,) uniquely determined by G; = (p;G;)*G; 5 (p:Gs).
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CONSTRUCTION OF HADAMARD STATES

pi: ker(Di|r,.) = Tc(Vp,;) ... Cauchy data maps of D; for suitable bundles V,, over X.

[p16G1] ker(K Ir.) .
(Ve, o) P (VE W;FC) ox([],[]) = 1('7G1,E‘)Vp1)

where: o Ky := p1 KU and KTE adjoint w.r.t. oy with U; := pfl
o G;x:T(Vp,) = I'(Vy,) uniquely determined by G; = (p;G;)*G; 5 (p:Gs).

Proposition (Gérard-Wrochna 2014; Gérard-Murro-Wrochna 2022)

Suppose cE : T'¢(Vp, ) — T'(V,, ) (linear, continuous) are s.t.

(i) (¢B) =c* and c*(ran(Ks|r,)) C ran(Ks); (Gauge-Invariance)
(i) ¢t +c =id modulo operator mapping to  ran(Ky); (CCR)
(iii) *ox(f,cEf) >0 forany fe ker(KTZ|FC); (Positivity)
(iv) WF'(Uhef) C WEUF) x T*S where  F C T*M\W s conic. (Hadamard)

Then A* = (p1G1)*(£iGy 5)ct(p1G1)  defines a quasifree Hadamard state.
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DIFFICULTIES AND PROPOSAL

DIFFICULTIES:

e fibre metric not positive-definite = positivity hard to achieve.

e UDO calculus nice for Hadamard property, but conflicting with positivity & gauge-invariance.
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DIFFICULTIES AND PROPOSAL

DIFFICULTIES:

e fibre metric not positive-definite = positivity hard to achieve.

e UDO calculus nice for Hadamard property, but conflicting with positivity & gauge-invariance.

PROPOSAL:

e Fix the gauge degrees of freedom completely:

ker(KL|r,)
Vy i = ————
ran(Ks|r,)

=

= Vg o= ker(KL|r, ) Nker(RL|r, )

where R;f = 0 is an additional gauge-fixing, s.t.

(i) no residual gauge freedom.
(ii) fibre metric on VR is positive.
e Construct state on VR using techniques of Gérard-Wrochna.

e Pulling back with projector Ty.
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MAXWELL'S THEORY AND CAUCHY RADIATION GAUGE

k
Vi = T*M (Vi) = QF (M
Hermitian bundles  (Vg, (-, )y, ) : { k=CON ’ (Vi) (M; C)

(3 v o= 1 foa (g™ 1ERC, ) volg
Maxwell’s Theory: e (Vo,V1,P,K) with P :=dd and K :=d.

e D, :=[J; where J; = dd + dd.

e Canonical gauge condition: K*A = §A = 0. (Lorenz Gauge)
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MAXWELL'S THEORY AND CAUCHY RADIATION GAUGE

k
Vi = T*M (Vi) = QF (M
Hermitian bundles  (Vi, (-,-)v, ) : { p=Co/\ ’ (Vi) (M; ©)

(3 v o= 1 foa (g™ 1ERC, ) volg
Maxwell’s Theory: e (Vo,V1,P,K) with P :=dd and K :=d.

e D, :=[J; where J; = dd + dd.

e Canonical gauge condition: K*A = §A = 0. (Lorenz Gauge)

Definition

Let A = Apdt + Ay € QY (M). We call Cauchy radiation gauge (CR) the condition
Aols = VoAo|s =0, & SA=0.
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MAXWELL'S THEORY AND CAUCHY RADIATION GAUGE

k
Vi = T*M (Vi) = QF (M
Hermitian bundles  (Vg, (-, )y, ) : { k=CON ’ (Vi) (M; C)

(3 v o= 1 foa (g™ 1ERC, ) volg
Maxwell’s Theory: e (Vo,V1,P,K) with P :=dd and K :=d.

e D, :=[J; where J; = dd + dd.

e Canonical gauge condition: K*A = §A = 0. (Lorenz Gauge)

Definition

Let A = Apdt + Ay € QY (M). We call Cauchy radiation gauge (CR) the condition
Aols = VoAo|s =0, & SA=0.

— (M, g) ultrastatic and A € ker(P\Q}C):

> non-compact
(CR) & §A=A9=0 £ oAy =0
—— ——
radiation gauge Coulomb Gauge
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MAXWELL'S THEORY AND CAUCHY RADIATION GAUGE

k
Vi = T*M (Vi) = QF (M
Hermitian bundles  (Vi, (-,-)v, ) : { p=Co/\ ’ (Vi) (M; ©)

(3 v o= 1 foa (g™ 1ERC, ) volg
Maxwell’s Theory: e (Vo,V1,P,K) with P :=dd and K :=d.

e D, :=[J; where J; = dd + dd.

e Canonical gauge condition: K*A = §A = 0. (Lorenz Gauge)

Definition

Let A = Apdt + Ay € QY (M). We call Cauchy radiation gauge (CR) the condition
Aols = VoAo|s =0, & SA=0.

— (M, g) ultrastatic and A € ker(P\Q}C):

(CR) & §A=Ag=0 - ""8™  5Ag=0
———— ——
radiation gauge Coulomb Gauge
— A€ QL (M) = Find f € C(M) s.t. A’ := A+ df satisfies (CR) <
Oof = —60A
= —Aols
with Z)o =0xdy and a := f|y, 7 := Vo f|s. é’ Left to solve Poisson equation.
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THE PoI1ssSON EQUATION ON COMPLETE RIEMANNIAN MANIFOLDS

(X,h)... complete and connected Riemannian manifold.

Poisson Equation: ng = dpw for w € QY(2) (%)

Observation: (*) equivalent to w = dx f + 3 for 8 € ker(dx) = Hodge-type decomposition!
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Observation: (*) equivalent to w = dx f + 3 for 8 € ker(dx) = Hodge-type decomposition!
—
e X compact: Hodge decomposition Q! (X) 2 ran(dy) @ ker(dx) and ker(Ag) = {const}.

= (%) has a unique solution (up to constant)
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THE PoI1ssSON EQUATION ON COMPLETE RIEMANNIAN MANIFOLDS

(X,h)... complete and connected Riemannian manifold.

Poisson Equation: ng = dpw for w € QY(2) (%)

Observation: (*) equivalent to w = dx f + 3 for 8 € ker(dx) = Hodge-type decomposition!
—
e X compact: Hodge decomposition Q! (X) 2 ran(dy) @ ker(dx) and ker(Ag) = {const}.

= (%) has a unique solution (up to constant)
e > non-compact:
s For w € L2(T*X) N QY(X), (%) has a unique solution (up to constant) on

D:={feC®E)|dsf € dsCx®(Z) C L*(T*D)}

(Proof requires Hodge-Kodaiara decomposition, elliptic regularity and Poincaré duality.)
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THE PoI1ssSON EQUATION ON COMPLETE RIEMANNIAN MANIFOLDS

(X,h)... complete and connected Riemannian manifold.

Poisson Equation: ng = dpw for w € QY(2) (%)

Observation: (*) equivalent to w = dx f + 3 for 8 € ker(dx) = Hodge-type decomposition!
—
e X compact: Hodge decomposition Q! (X) 2 ran(dy) @ ker(dx) and ker(Ag) = {const}.

= (%) has a unique solution (up to constant)
e > non-compact:
s For w € L2(T*X) N QY(X), (%) has a unique solution (up to constant) on

D:={feC®E)|dsf € dsCx®(Z) C L*(T*D)}

(Proof requires Hodge-Kodaiara decomposition, elliptic regularity and Poincaré duality.)

< In the setting of compactly-supported forms, (*) can only be solved for subspace
QLE) = ran(ds|cge) ® ker(dx) .

Note: (i) For w € Q}(X) (*) has unique (up to constant) solution on CZ°(X).
(i) Q4(2) = Q}(2) for & compact.
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PHASE SPACES AND COMPLETE GAUGE FIXING
We call space of radiation k-forms (M) the subspace of I'sc(V1) = QF_ (M; C) defined by

{w € QE(M;C) |ws s € QF(S) @, C} for k>0

I'r(Vy) :=
R(Vi) {c;g(M;C) for k=0

Proposition

\ |

For A € Tr(V1) there exists a unique f € I'r(Vo) (up to constant) s.t. A+ df satisfies (CR).
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PHASE SPACES AND COMPLETE GAUGE FIXING
We call space of radiation k-forms (M) the subspace of I'sc(V1) = QF_ (M; C) defined by

{w € QE(M;C) |ws s € QF(S) @, C} for k>0

I'r(Vy) :=
R(Vi) {c;g(M;C) for k=0

Proposition

\ |

For A € Tr(V1) there exists a unique f € I'r(Vo) (up to constant) s.t. A+ df satisfies (CR).

Cauchy data map for Maxwell's theory: V,, := Vi|x @ Vi|s

p1: Tsc(V1) = Te(Vp,) = (C(5;0))% @ (Q1(%,0))?
A (Ao, VoAo, As, VoAs)|s
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PHASE SPACES AND COMPLETE GAUGE FIXING

We call space of radiation k-forms (M) the subspace of I'sc(V1) = QF_ (M; C) defined by

w € QL (M;C) |w €QF(Z)®rC} fork>0
Fa(Ve) im {{CW(M.(C() )wslz € f(Z) ®= C}

fork=0"
For A € Tr(V1) there exists a unique f € I'r(Vo) (up to constant) s.t. A+ df satisfies (CR).

Cauchy data map for Maxwell's theory: V,, := Vi|x @ Vi|s

p1: Tsc(V1) = Te(Vp,) = (C(5;0))% @ (Q1(%,0))?
A (Ao, VoAo, As, VoAs)|s
Do o er(K7lrg)

[p1G1]
ran(P|r,)

 ker(KLr,)

1R

Ts

= Vi = ker(K{ A ker(RE
ran(Ks|r,) o~ R er(Kg|ry) Nker(Rg|r,,)
where:  ® Ryu:T'(Vp,) = T'(Vy,),

Ry (a0, m0, ax, ms) = (0,0, ax, 7s)
e (V1) := G H(Tr(V1))

Gabriel Schmid (Universita di Genova)

o I'y(Vpy) CTe(Vy,) subspace of initial data (ag, mo, ax, mx) s.t. ax € Q}().
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PHASE SPACES AND COMPLETE GAUGE FIXING

We call space of radiation k-forms (M) the subspace of I'sc(V1) = QF_ (M; C) defined by

w € QL (M;C) |w €QF(Z)®rC} fork>0
Fa(Ve) im {{CW(M.(C() )wslz € f(Z) ®= C}

fork=0"
For A € Tr(V1) there exists a unique f € I'r(Vo) (up to constant) s.t. A+ df satisfies (CR).

Cauchy data map for Maxwell's theory: V,, := Vi|x @ Vi|s

p1: Tsc(V1) = Te(Vp,) = (C(5;0))% @ (Q1(%,0))?
A (Ao, VoAo, As, VoAs)|s
Do o er(K7lrg)

[p1G1]
ran(P|r,)

 ker(KLr,)

1R

Ts

= Vi = ker(K{ A ker(RE
ran(Ks|r,) o~ R er(Kg|ry) Nker(Rg|r,,)
where:  ® Ryu:T'(Vp,) = T'(Vy,),

Ry (a0, m0, ax, ms) = (0,0, ax, 7s)
e (V1) := G H(Tr(V1))

o I'y(Vpy) CTe(Vy,) subspace of initial data (ag, mo, ax, mx) s.t. ax € Q}().
Note: Ty represents the complete gauge fixing on the level of initial data.
Gabriel Schmid (Universita di Genova)

47th LQP Workshop Poznanh

September 22, 2023 8/11

)



CONSTRUCTION OF HADAMARD STATES I: THE PROJECTOR Ty

By the standard deformation argument, we assume

(M, g9) to be ultrastatic and of bounded geometry .

In this case, the phase space of initial data in the gauge (CR) is given by

VR = {(GO,WOJIZJTE) (S FH(Vpl) ‘ Osay = On7y, = 0}.

= How does the projector Tx; := 1 — Ks;(ReKs) 1Ry look like in this case?
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CONSTRUCTION OF HADAMARD STATES I: THE PROJECTOR Tx

By the standard deformation argument, we assume
(M, g9) to be ultrastatic and of bounded geometry .

In this case, the phase space of initial data in the gauge (CR) is given by

VR = {(GO,WOJIZJTE) (S FH(Vpl) ‘ Osay = On7y, = 0}.

= How does the projector Tx; := 1 — Ks;(ReKs) 1Ry look like in this case?

Observation: There is a well-defined projector Q,(3) = ran(ds|cge) @ ker(dx) — ker(dx):

—
TS — 1 7d2A515E
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CONSTRUCTION OF HADAMARD STATES I: THE PROJECTOR T

By the standard deformation argument, we assume
(M, g9) to be ultrastatic and of bounded geometry .

In this case, the phase space of initial data in the gauge (CR) is given by

VR = {(ao,ﬂmaz,ﬂ'g) (S FH(Vpl) ‘ Osay = On7y, = 0}.

= How does the projector Tx; := 1 — Ks;(ReKs) 1Ry look like in this case?

Observation: There is a well-defined projector Qh(E) = ran(ds|cge) ® ker(ds) — ker(dx):

—
TS — 1 7dEA0_16E

Proposition

The projection Ty : ker(KTE|FH) — ker(KTE|FH) is given by

00 0 0
00 0 0
Te=10 o s O
0 0 0 ms

Furthermore, ker(Ty) = ran(KTE|pH) and ran(Tx) = Vg. Hence, Tx: Vs, — Vg is well-defined.

Note: Ty extentible to Tx: L2(V,,) — L2(V,,;) with L2(V,,) ... smooth L? initial data.
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CONSTRUCTION OF HADAMARD STATES II: COVARIANCES

= Shubin’s ¥DO calculus on manifolds of bounded geometry (Shubin 1992):

*>
< Construct invertible square roots &; of A; (Gérard-Murro-Wrochna 2022).
— Using spectral calculus, show that €1 commutes with 75 up to smoothing.
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CONSTRUCTION OF HADAMARD STATES II: COVARIANCES

= Shubin’s ¥DO calculus on manifolds of bounded geometry (Shubin 1992):

*>
< Construct invertible square roots &; of A; (Gérard-Murro-Wrochna 2022).
— Using spectral calculus, show that €1 commutes with 75 up to smoothing.

1 +e5' 0 0
1
Consider : <. 1 | *eo 1 0 071
2 0 0 1 te]
0 0 +e1 1

Note: Since D; = (0t + €;)(9¢ — €;) modulo smoothing, then

Hadamard condition: WF'(UynF) € (NT U F) x T*S for F = {k =0} C T*M
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CONSTRUCTION OF HADAMARD STATES II: COVARIANCES

= Shubin’s ¥DO calculus on manifolds of bounded geometry (Shubin 1992):

*>
< Construct invertible square roots &; of A; (Gérard-Murro-Wrochna 2022).
— Using spectral calculus, show that €1 commutes with 75 up to smoothing.

1 +e5' 0 0
1
Consider : <. 1 | *eo 1 0 071
2 0 0 1 te]
0 0 +e1 1

Note: Since D; = (0t + €;)(9¢ — €;) modulo smoothing, then

Hadamard condition: WF'(UynF) € (NT U F) x T*S for F = {k =0} C T*M

ct =

TsnE Ty are Cauchy covariances of a Hadamard state on Vp.

Proof (Sketch).

< 7% maps ' (Vp, ) onto L2(V,, ), composition well-defined!

< (¢t +¢7)f = T2} = Tsf = f mod ran(Ks|ry,) for f € ker(KL|r,)

— Positivity: tox(f,ctf) = tos(f, TentTsf) = ox(Tef, 7t Txf) >0

<+ Hadamard property since Ts; commutes with 7= up to smoothing. [ ]
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CONCLUSION AND OUTLOOK

WHAT WE HAVE SEEN...
< Cauchy radiation gauge provides complete gauge fixing and makes fibre metric positive.
— Complete gauge fixing allows to define positive Hadamard states in the usual way.

— WDO-Projector Ty allows to pull back to the space of gauge-invariant observables.
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< Cauchy radiation gauge provides complete gauge fixing and makes fibre metric positive.
— Complete gauge fixing allows to define positive Hadamard states in the usual way.
— WDO-Projector Ty allows to pull back to the space of gauge-invariant observables.
... OPEN QUESTIONS AND FUTURE WORK

e Complete gauge fixing useful for positivity & gauge invariance, but price to pay is reducing
space of classical observables.
< For which non-compact manifolds Qf; .(X) = QL(X)?
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CONCLUSION AND OUTLOOK

WHAT WE HAVE SEEN...
< Cauchy radiation gauge provides complete gauge fixing and makes fibre metric positive.
— Complete gauge fixing allows to define positive Hadamard states in the usual way.

— WDO-Projector Ty allows to pull back to the space of gauge-invariant observables.
... OPEN QUESTIONS AND FUTURE WORK

e Complete gauge fixing useful for positivity & gauge invariance, but price to pay is reducing
space of classical observables.
< For which non-compact manifolds Qf; .(X) = QL(X)?

e Apply similar strategy to Higher Gauge Theories (Kalb-Ramond, Maxwell k-forms, etc.).

e Apply similar strategy to Linearized Gravity:
— Possible gauge choices: de-Donder or TT-gauge with a Cauchy synchronous gauge.

< Construction of Ty, more challenging from the technical point of view.

+

— No deformation argument for gravity! Need to construct ¢* in the general case.
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APPENDIX I: PHASE SPACE OF LINEAR GAUGE THEORIES

Let P: I'(V) — I'(V) be a self-adjoint linear differential operator on a Hermitian bundle (V, (-, -)).
e Linear Observables: T'c(V) 3 s — Os where Os: T'(V) — C defined by

Os(p) ::/(s,go)v volg .
M

— The assignment s — O is injective! = | Linear observables < T'c(V).

e Including Dynamics: Os|ic,(p|p._ ) No longer faithfully labelled by s!

— s,t € I'e(V) induce same observable on ker(P|r,.) if and only if s — ¢ € ran(P|r,).

. I'e(V)

= | Linear on-shell observables & ———.

ran(P|r,)

e Gauge Invariance: We want those observables for which
Os(p + Kw) = Os(p) Vw
!
or equivalently 0 = Os(Kw) = Ok=s(w) for all w. In other words, K*s = 0.

. S ker(K*|r, )
= | Linear on-shell and gauge-invariant observables & ———.

ran(P|r.)
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APPENDIX II: PO1SSON EQUATION IN THE L2?-SETTING

Let w € L2(T*S) N QL(E). Need to find f € C°(X) s.t. Aof = dxw.
EXISTENCE:

Hodge-Kodaira: L2(T*M) & dy:Co () @ 65822 (%) @ ker(X1,2) (+)
w = e + B+ ol

— If w € QY(X), then a, B, are smooth individually, by elliptic regularity:
() (dg + 52)()! =dpw
(%) (dz +6x)B =dyw
—
(iii)  Niy=0
< Using Poincaré duality, forms in Q1(2) NdgC.(X) are exact, i.e. 3f € C®°(X) s.t. a = ds f.
— w=dxf+ (8 + ) where 8 + v € ker(dx).
UNIQUENESS:
Let f € D, i.e. f € C°°(X) such that ds; f € dnCc(X).
— If Zof =0, then w :=dx f € L?(T*X) is closed and co-closed and hence w € ker(KﬂLg).

—) —
— Hence, w € ker(A1|;2) and w € duCc(X) = By (%), w = 0 and hence f = const.

Gabriel Schmid (Universita di Genova) 47th LQP Workshop Poznanh September 22, 2023



